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FOREWORD - 

Ed Begle recently remarked that cunicular efforts during the 1960'$ taught us a great deal about how to- 
.teach bettei^ mathematics/W how to teach mathematics letter. The mathematician will, 

quite likely, agree with both parts of/thls statement The layman » the parent, luid ^he^elementary school 
teacher, however, question.,the thesis that the '^ew math" was really better than the "old math/* At best, the 
fruits of the mathematics curriculum '^revolution'* were^ not sweet. Many judge theni to be biiter. 

' \ While sdme viewed the curricular, changes of the 1960*s to bf^**revolutionary,** othen disapwd; Thomas C. 
*' 6*Brien of .Southern DUnott University ^^a^^ have not mdte any^^ft 

change injchool matiiematics/*^ Hf d AKendoerfer who suggested Uiat a curriculum which heeds the ways 
in whicif young childfen leam maUiematics js needed. Such a curriculum would be based pp the imdentan<}ing 
bf. children's thinking and learning. It is one thing, however, to recognize GSat a conceptual model for mathe- 
matics.curriculum is sound wia necessary and to ask that the child's thinldn^Jind learning pr6<rfsses be hc^ed, 
it is quite another to translate 'toese idear into a curriculum \rhich can beoaed effectively by ^he ordinary 
elementJjy schopUeacher work^ , ' 

Moreciver, to propose that chHdren's thinking processw.shouid serve as a basis for curriculum development, ^ 
is to presuppose that curriculum makers agree on what thes« processes are.'ftli^ .is not the case, but even if it 
were,;curriculum makers do hcT^ agree on .the implications which the understanding^of these Oiinldng processf^ 
wotild have for curriculum developmeht: . ' ' . . , » *2 

In the real world of todayts elementary school classrooni, wher0 not much hope for d^tic chang«i for the 
better c^ beioreseeh, it appears that in order to build a realists sound basis for the mathematiics oirricu- 
lum,, chUdren's.^mathenw^l' in^their usual school habitat. Given an, 
opportunity to thmk freely, children cleaily display: certain patterns of thought as tiiey deil with ordinary 
nuithematical situations encountered daily in their classroom. A videotaped record of the outwiurd numiftsta-- 
tipra of a child's thinking, uninfluenced by any teaching on the pfrt of the Interviewer, provides a rich spurce 
for conjectures as to what this thinking.is, what mental structures the child h^ developed, s^d how the child: 
uses th^e structures when dealing with, the ordinary concept^ of arithnietic. In addition^ an intensive analysis, 
of this videotap^ generates some conjectures, as to Ihe possible spurces of what adults view as children's 
''misconceptions*' and about how the school environment (the teacher and the nuterialsV "fights*' the child's 
natural bought process^. ^ ' 

The Project; for the Matheniitical Development f Children {PMpC)2 set out to oreate a more extensive and 
reliable basis on w^ch to build mathematics curriculum. Accordingly, the emphasis in the first phase is to try 
to understand the children's intellectual pursuits, specifically, their attempts to acquire sonie basic mathemati- 
cal skills and.concepts. , ' 

the.PMDC, in its initial phase, works with children in grades 1 and '2. these grades seem to comprise the ' 
crucial years fcr the development of bases for l;he future learning of niathematics^ since kej* mathematical 
concepts begin to form at these grade leveb. The children's'mathematicai development is studied by means of:\ 

'* , * ■ ^ 

1. One-tO'^one videotaped interviews subsequently analyzed by^ various individuals. 

* 2. Teaching experiments in which specific variables are observed in a group teaching setting with five to 
fourtei'U children. ' ^ * 

3.. Intensive observations of children in their regular classroom setting. 

4. Studies designed to investigate intensively the' effect of a particular vari&b!& or medium on communica* 
ting mathematics to young children. . ^ 

« ' ■ • « 

i"Why Teach Mathematics?" The Elementary School Journal 73 (Feb, 1973), 258*68. . 

2PMDC is supported by the National Science Foundation, Grant No. PES 74.18106- Ap3/ 



V / 5. rFomalrtlHtingt both, group and one^o^ne, dMigned to provide further iosigh^ ihto yoimg chil(Lren*s 
\. , / /"^t^tnuttcal^lmowledge. ' ' ' . " " ".-^ 

^' . . . 
* Tht PMDCit^ the Advisory Botrd wish to report the Project's ^ictivittes end findiafp to «U who are 
interettM in mtthtouti^^ educttion..One meimlor if^dmpiishipg this is j^i^'PMDG putdicttion program. 

.M|nyJn(ttviduaJs contribute^ activities of FMDC. Its Adyispryt Board members m: Edward Begie»^^ 
^ * Edgtt/Edwa^ Renee Heary, J6hn!UBlanc, Gendd Rising, Charles Smock^ Stepheh Willoughby''' 

" ahd^ Lauren Woodby • The prindpal: investigators a»: Merlyn, Behr, Tom. Denmark, SUnley Friwanger, Janice 
. Flid»i WlUiam McKUiip, Eugene D. Nichols, Leonard Pikaart, Lalie Steffe, ino ^e^Enluator, 

.Ray Carry. A special recognition for this publication is given to the PMDC PuMcations Committee, cons 
of MtilynBebr(CliairmuVTh6Qias.CM " -^-^ . 

' Tbanlcs are du^ to the PMDC technical assistant. Max Geriing^ for videotape production; tp the Project 
administrative assistant, Janeile, Hardy, for coordinating the technical aspects of the preparation of this report; 
ito>Iajia ntaeHor^^ • - , 

Eugene D. Nichols, 
Director of ?MDC . 




In the etily elementary school grades, much of the number work is presented to children \v the form of 
'open number sentences. In learning th6. basic addition facts, for example, children are expected to responrf to 
such sentences as 3. + 4 - □ , 'Rxe question of whAt meaning, jf any, symbolic sentences such as these iiave to 
children is of concern in the research discussed In.Uiis article. In order for teacners to coinmunicate effectively 
with children and .teach In a manner that enhances understanding, they need to know what meaning such 
sentences have to childre{!-^ ^ . ^ ^ „ 

J. , " * ' * • ^ . ' ' • . / ■ 

The mathematictl symbols which \jhildre<i encounter early in the learning of arithmetic aw +, -, and such 
expressioM as 3-^+4. The symbol.- has several meanings to adults. The most basic Is probably that it is an 
abstraction of the notion of sameness. This is an intuitive notion of equality which aroes from experience with 
sameness'pf the nuiherousness'of sets of objects in the real world. This is the notion of equality which we 
would hope diild^n would exhibit. Amove sophisficated notion pf equality, wiiich comes as a result of 
teaching, is that it is an equivalence rebticn. Tnis means that such statements as 1 - 1, 2.- 2, 3 - 3,."etc. are. 
true in all cases. Similariy, using any whde numbers, such statements as If 2 « 3, then 3 + 2, are true 
.statements. And finaUy, such statements as if 3 "2 + 1 and 2 + 2^-2+ 2, then 3 « 2 +2 are also true for aU 
whoie numbers. These.are insUhces of riefle^ /e, symmetric, and transitive properties, respectively, i 

' : ■ o . . - ■ . / 

In conducting researdi of concejm in this paper. We raised questions like the following: ^ 



(1) Must addition sentences be of a certain form in order to be considered true by children? 

. . (2) Are the sentences 2 + 4 - □ and □ - 2 + 4 viewed as having the same meaning? ' j 

^ We also investigated children's understanding of such sentences as 3 - 5, 3 - 3, and 2 + 3 - 3 + 2. 

i \9ome insight, into children's ideas about such sentences was gained through nqn-structured individual 
intmiews with first through sixth graders. We present a number of episodes from some of the ii*.terview5, 
summaries of others, and some discussion of children's* remarks. In;*;h3 reporting, riimarks enclosed inside 

bUdkets describe behaviors on. the part of the interviewer or the child^. A series of six dots ( ) in a 

transcript indicates that some siatements* have been omitted; tnc bracketed [and] in this same context in- 
dicates that the sUtements of the child are joined and related but a.question or comment from the interviewer 
y have intervened. 

FIRST AND SECOm GRADERS' IDEAS ABOUT EQUALITY AND ADDITION 

X 

We present several first and second graders' reactions to questions about the symbols in written addition 
sentences of the form a + b - □ , where a and b^are small whole numbers. We begin with an interview episode 
fijch a first grader K (IQ 1391) ^out 2 + 4 -Q . B is the interviewer. ^ 

Bi You read that [+] , will you? Wha^ uoes that sign sayl 

K: Hus^ ■ ' ' . , ^ 

3 , ^ * 

B: What does it tell you to do? 

K: It tells you to add; it tells you to do this [touches 2] and this [touches 4] . ^ 



3 IQ reported is from Stanford-Binet short form. 



. .B: ,6. K..Whtt can you tell me about that [-] symbol? * . . | 

] K: Equal . . * [and] . . . that.means, llke,tttt 2 plus . . . plus this 4.equals 6. There h'^ to be an equal „ 
right there. 

Two other-fixst gtaden; who were presented with^sentences of the same form, responded m the toUowing 
manner.:C (10 108), .#hen presented with ,1 + 3 «*□ , says know what it is," and writes 4 in Qi lie reads: 
*1 plus-3 equals 4;" Butv WhVn questioned about the meaning of + and 1 + §f'he says, "It's a hatdy. Idon't 
khW." He is^unable to say what - m^ins. E (IQ 111) when presenEed with ^ + 4> □ says that itimeans to 
put number.6 in there [[j] . E accepts 2 and „4 as numbers b t hot 2 1 4 "because you put a plus thei«." When 
she is i^ied about the meaning of +,-, and 2 + 4, she says s^^^ ' ; * . 

Two second graders react as^foUows: M,{IQ 136)¥ablelo judge such sentences as 2 + 3 - 5 andi2 + 3-7' 
t.as true or false, lie accepts 2 and 4 as being numblers and says that 2 + 4 isja number because if *'you Jut them 
-both together, it makes another, number;" He expluns that the + means "adding'' and atteiripts^to describe 
whit>-means by saying: '*when two number are-added, that's what it[answer]-tums out to be;" P (IQ 128) 
is able to judge sentences like 2 + i - 5 and 2 + 3 - 7 as tnje or>lse. She^ys that '2 and 4 are numbers but 
about: 2 + 4 she siyi, "I don't know, the + means you add together to a number a number's; the - means 
Vhat . . .. th^nurobers equal up to;" Thus,^n 3 + 4-7^ *Hhe - sigii nfeans that, what it odjis up to.'*' 

Ail of the children interviewed were able to solve addition sentences; Furthermore, K» a bright first grader* 
and^the second graders accept expressions like 2 + 4 as meaningful, but this configuratioh of symbols suggests 
that something must be done. They do not, for example, think.of 2 + 4 as being a name for six. 'Die first 
graders C and E have. a less mature understanding of +, -, and 2 + 4. They^are unable to tell what these sym* 
^bois-inean'when used either individually or in the context of a mathemati^|phtence. 

« ' * - * * 

The above observations suggest that when chjldren see a statement Uke 3 + 4 - □ , they perceive it as a 
stimulus calling for an answer'to be placed in the box. 

^ — HOW CmLDRENREACTTO SENTENCES OF THE'^FORMD^a-hb 

K's^iView of^the sentences, of the form Q - a + bjs typical of almost ail Qnt and second graders who were 
ihterviftwed. It is expressed in the following briefexcerpt from one interview, 

\ B: How, do you think you would read that [□ - 3 + 4j? ^ 

• K: ...(pau^).;. Blank... blank equals^ plus 4 

B:" 0. K.i^What can you say about that, anything? 

k: It'sbackwardsl(changesD -3 + 4 to4 + 3- □]..;.... 

^ B: Suppose I write [writes □- 2'+ 5]. 

K: Now that plus [touches -f ] has to be right there {touching -1 ; and that equals [touching -] has to be 
right there (touching >+] ; and I'm tiying to add up to 5 [K changes □-2 + 5 to □+2-5]. 
,^ '-^ * , ^ 

We observe that K reacts to sentences like □ - 4 + 5Jn two ways: She say.« it's backwards and rewrites it 
,as 5 -^A □ or interchanges the + and - so it becomes □ + 4 - 5. Later Jn the interview she comments about 
Q m 3 + 4 saying, "S^e, you asked the question backwards ... you <5an*t go 7 equals 3 plus 4." Thub, although 
K can re?^d and solve some of these types of sentences, she has definite ideas about how they should be; 
written. 



Let*s look*tt how some other fust gndeis react to sentences of Uiis form. When C is presented with 
□ -1 -r 2) he writes 3' - 1 + 2 and reads Uiis as "2 plus 1 equals 3,'* Given 3 + 5, E counts on her fin- 
geis, writes 8 « 3 5 and r^ds "5 plus 3 equals 8;'^ Given 6 « 4 h; 1, she dianges it to 6 - 4 -^10 saying 
and 4 makes 10/* But when she is asked to read 6 « 4> 10, she says, ''I wrote it wrong'* and dianges the sen- 
tence to 5 - 4+ 1 and reads **1, plus.4 equals 5." Again, when given 3*2 +1, she says "You should puta 5 
here ,[i.e.^ tt 1] . . . 'cause that doesn't equal, that dqesn't make!" But w.hen asked to read it, she says, '^ree ^ 
. . (pause) . . . yeah, that's .-. . I was reading the wrong way again." E expTJns that 2 3 5 is easier ttian 
5 - ^ + 3 "because it's [5 -] Wthis side^^ 

Another jttrs't grader, T (IQ 120^ reacts to - 2 + 5 by scribbling over and he changes 2 + .5 to 

2 + 5 - . He explains that - 2 + 5 is "backwards'' and asks the interviewer, "Do you read backwards?'* 

• • • /' . . ^ * 

The second graders M and D react as follows; When M is given □ - 3'+' 5, hrwrites 8 - 3 + 5 and reads 
"8 equals 3 plus 5." On the other hand, D also writes 8 -* 3 5, but reads it "5 plus 3 equals 8." He shows 
consistency in that, presented with 5 - 2 + 3, he reads it "2 plus 3 equals 5," But, ^ven 3 + 5 - 8, he reads^lt 
*'3'plu§5equ>ls8." ^ ' 



iWe observe that only, the second grader M a^pted a sentence like □ * 2 -t- 5. The other children resist 
sentences of this form and change them to theiorms 2 + 5 - □ or 0+2 ?.5; • 



SENTENCES-PRESflNTED ORALLY * 

/ So far we have considered, children's reactions to written sentences.^How do they„ react wfien thes3 sen- 
tences are presented orally? We start again with an interview with'K. 

B: , . . you'listen to some siater ^nts which I read, and you tell .me the answer —yeah, no, true, false; 
whatevgj^comes to your mind„5 equals 2 plus 3, * ' . 

K: Yeah . . . [and] . . . 'cause cee^ like 2 ... 3, and here's plus and here's v wo [writing 3.+ 2 - □], and 
then if you 1, 2, 3, and you add 2. Then, you've got 1, 2\ 3, 4, 5, The answer is 5 [writes 3 + 2-« 5]; 

B: Oh, I see. I'm with you, I am going to write' a sentence, all right? [writes 8-3 + 5] How aboutjhat? 

K: But that's still not equal. That's the wrong answer, [changes 8-3+5tp8 + 3- 5by wriljng + and - 
over the • and + si^, respectively] , [and] ^ . , you couldn't make it be'S^quals 3 plus 5 because 
that means that would be the answer, Butj^'s at the wrong end! 

When E is presented orally with the statement "5 is equal to 2 plus 3," she says, "It's not right" and states 
further, "That [3] should be a 7," It -appears that she perceived "5> equal to 2'*^ as 5 1 2; furthermore, she 
did not accept the orally presented statement "3 is equal to 2 plus 1" and expljuned; "'Cause you put a r 
instead of a 5." On the other hand, she did accept the orally presented statement, "2 plus 1 equals 3." Again, 
Jt^appears thatshe perceived 3 - 2 ... as 3 <' 2 , , , 

When we compare K and E, we see that E displays a 'rigidity of form in both written and orally presented 
sentences, while K displays this rigidity only in written^statements, > - , , ^ 



i^NON-ACTION'* SENTENCES - FIRST AND SECOND GRADERS* IDEAS 

The children's reactions we have considered thus far concern sentences that differ omy in the order of the 
symbols, for example 2 ^,3 - 5 and 5-2 + 3. These sentences, are closer to4he lorm most encountered by 
diildren than are such sentences as 3 - 3^ 3 -\5, 2 + 1 - 1 + 2, and 4 + 1 - 2 + 3, The latter sentences either 
have no .plus sign (e.g., 3 - 3), or they have more thar one plus sign (e.g., 2 + 1-1 + 2). These sentences do 



not suggett an tction,.nthcr they^tcquite.t judgment about their truth-value. How do diildren react to such ^ 
sentences? We present fiist excerpts from an Interview with K about 3 - 5 and 3 - 3. 

^ B: What can you say about that [Sr- 5]? • § . ' ^ 

K: Cross that line out ... [K writes over * to change 3 - 5 to 3 + 5] . 

; ;B: , Can I write this [3 • 3]? Doa it make sense? 

K: Nope . . . [and] . . . because, how you could . fix that by going like this [changes 3 - 3 to 0 + 3 - 3] 
:..0plus3equak*3. * • . . , - 

1 When C/is given the written sUtement 3 - 5, he counts on his fingers and writes 3 - gS. is asked to 
read it and says, "5\ . . there's.no plus,. . . [and] ... that makes It wrong . [and] . . . IHl put.a plus in the 
middle." He' changes 3 - to 3 + - and when asked to read he says, "I'nTgoIng to read backwMds, 3 plus 

5 equals 8" and toucfes each synabol as he reads It^e responds similarly to 3 - 3: "It's wrong because there's 
no plus" and changes 3 -:3 to 3 + - $3. E does not a(iept S^-^^but changes It to 2 +'3 - 5 find explains, "You 
,pnt a plus there and a 2 there • . . [andl r% . 'cause then that makes five/' GIveruthe written sUtemeht 3 - 3, 
-she says, "You should put a plus here and a . . # while she dianges 3 - 3^to 0^ - 3. ♦ 

When T-is presented vvith the written sentence 3 - 3, he says, "Now if yoiThida striUght line like that 
^{changes 3 « 3''to 3 • 3] jt'd be."subtractly"; itM be zero [proceeds to cpmplete 3 -^3 as 3-3-0]. When 
^ pr«ente<i with 3 - 5, he responds similarly, changing 3 - 5 tc 3 • 5 and.then completes.3:-.5 - 0. - 

These areirepresentative reactions of first grade children.. These and otiier Interviews reveal that, 'when 

* confronted with 3-5, thev chaftge it to 3^+ 5 ^ 8 or 3 - 5 - 0. When presented with 3, - 3, they _changejt-tftl- 

6 + 1 - 3, or 3 + 3^- 6, or_3^3j!^0.jrhat is, each equality/stetementis'transfomieainto an addiUon or subtrac- 
tion sentence^/. • ' ^ • . \. * . • • * " 

Dp se<^nd, graders display a greater maturity in this context? Let's look atresponses of M and D: When M t 
*is presented .with the ^v^ntten sUtement 3 - 3, he says "Yeah, 3 plus 0;dqes equal 3, the 0 isn'Mhere but it*s 
supposed to'be. there. And zero's not th^re because zero's nothing!'' D explains that 3 - 3 is false because you 
i^'t add them [3 and -3]. She changes 3 - 3 to 3 + 3 - 6. Similarly, 3 - 5 is '^false . .'.because 3 equals 5 is 
not true"; she change^ 3 - 5 to 3 + 5 which is '^true . . . because you'can add them." 

Thus, both first and second graders reject sentences of the form a - b and modify them to assume- the 
Jorm^ a + b - □ or .a . b - □ . The latter form suggests an "action" to be perfonhed, resulting in a sum or 
^ difference. ' * . 

*'NONkcnON'' SENTENCES - THIRD AND SIXTH ORDERS' WEAS 

J-lftlcan be argued that the perceptions of equality sentences held by first and second graders, discussed 
above, are an expected outcome or the kihd of instruction*fhe children receive. But, what about third graders 
and above? Does the ex^ure to statements of commutative and associative properties btoaden the children's 

* concept of equality? ' . ^ ^ 

LjtV examine the thinking of the'third^grader MA (IQ 104). When asked what 3-3 means, MA says, 
"Well, i don't know, but I can guess. It could be the end of some adding or subtracting." When asked if she 
would like to fix it up, she writes 3 + 0-3. 

Does, children's thinking change by the time they reach the sixth grade? TA, a sixth grader (IQ 95), when 
asked about the meaning of 3 - 3, says that this coidd mean "0 minus 3 equals 3" and writes 0 -3-3. Upon 
furtherquestipning, TA changes 3 - 3 to 6 • 3-3, then to 7 • 4 - 3, which she reads, "7. minus 4 equals 3." 



EQUALITY AND MANIPULATTVES -^ 

.SRxt above reactions of Sxst, second^ thirds jnd.sixth padeis^nuse some doubts about theit'underitanding. 
of equality* To prove the nutter Ql^undentanding,*it b^iielpfui to examine symboUc representations in thct 
cobtext of manipuiatives. 1)q children see the connection between statements like .3 • S and real qbjects? We 
present two interriew episodes mth iCIn the final episode, K is aslced to consider two piles of objects. ' 

' B: What can you say about these two piles [5 sUcks and 5 beans]? ' . 



K: Like, there is 1, 2, 3, 4, 5 [counting stacks]. See they are the same thing; 3 and 2 [does'/' 

Now look, 1, 2; 3|and herels our, two. [does ^j} J We see that makes 5. - 

B: What can you say about this pile and this pile [pomting at sticks and.bel^ns]? 

K: You 5ee that pile [s^cks]. If you had 3 and 2, i( makes 5, you see here's my 3 [shows 3 fingers] ^ and 
here's my 2 [fingers], and that makes 5 [fngers on left handjT And here [beans] ^ou have 3 (fin* 
gers] and'2 makes 5 [fingers on right hand]-. ~ < ^ ' 



B: What can you tell me^aoout these two piles [5 beans; • o ^ o ]? 



K: Here's 3 and here's 3 -Does 



CO o* o 

3 • • 3 ' 

III . Hi 



^ and then here's 2 and here's 2 



Does 



CO ' o o 
o o 

3 ^ •- 3 2 

//I )I III 11 



and that makes them be both be 1, 2, 3, 4, 5. 



B: So what can you say about thesejwo piles? 

♦ 

K: They both make 5 . . .'[and] . . . you see, if'I went like this . . . 1, 2, 3, 4, 5 



' 3,4,5 



o o 
o o 

Does" ^ o 

* Q O 

O' o 



o 
o 

Does o 
o 
o 



.1» 2, 



they're both the same thing. 



B: Can you use your pen to write something that tells me that these two piles are the same? 

K:. Veah, [uses beans and traces around them to draw sets of dots: °q ^ . . (and says)] but yoa 



see they're still (n the same order*. . . in the very same order. 
' B: So then what do you need for them to be the s^me^ 




aiid hete's a thin| otbeus 




K: *Iik#« let's sty here^i th^gof^b^ns 
.goUkethis.:^* 



Kexplains as she ditws 

B: Mow can you write some, way that tells me tha^ there's the Same number of beans here as here? 



-Then 



K: You see« if you went traces lines froni bean to bean in 



* them.' 




. Youse€/thatlnftches,, 



B: Does anything occur to you thit you caiuwrite that tells me that these two are the same? '^ou dr^w a 
picture. Canyou write something? 



. ' K: , ; . (pause) , , . Well, you go Wftt this writes C 



C 5 



We ob serve that K can demonstttte in various ways that "5 things Is the same as 5 things.** But she does 
not abstract to think 5 equals 5 and does not write 5 - 5. It does not appear that K has madi^^jelatioiiship 

* between *ns the same as** and "Is equal to." . \ ' *S ' \ 

* ^asuggesrmore directly an interpretation of the statements 3 -"S and-S - 5, the interviewer asked K to ^ 
use beans. . " , 



B: Suppose that I. write this {5 - 5] . Can you show me what that means with beans? 



does 



O O ^ O 
^ ^..4 0 



a 9 

does^»^ 5*5 



K: It means like, there's 5 beans for this number; 1« 2, 3, 4, 5 

, Then you go 1, 2» 3, 4, 5, and then you go like this 1» 2|3» 4» 5, 



, There's the^e beans 



If I write that (3 - 3] , does that mean anything to you? 
K: Yeah . , . (and) ... you go like this [writes"3 - 3 + OJ. 




Ah 



.B:— IM-write that'[^'- 3] , can you show me what that means with beans? . * 

K: Here'3 your 3 (puts beans- '*^]; therTpretend like equals ... I am not going to count that equal right 



/ 



now,.but to pretend it's yiere. Then you got 3 over there ^ 



ri^ht here and then put your zero right here 
I did there, that's the'whole'question. 



[99 9 o I 



and then you put year plus 



writes imaginary 0 with Angers: ^ 



like 



ERIC 

^SSSOSfi33S3 



ii 



. B: '(WriUi 3 - 3] 0« K. Ctn yoV ihow ro« what that means with btaAs? • * 

K; That means that you have 3 beans oyer here [does .^"^^ ]^and that means thiy are equal in 
• number. • ^ . ^* '^o ^ 

, ' ' '•f 

^ *We*obMnre that K is able to match a numeral with a set'of objects and a set of objects with « numeriL 
^ However, ii' dott not appear that K isible to abstract the -relational statement 3*3 from her own demonstra- 
-rtioQS of the samenm of two sets of three, Thui^ it b not dear that. K is able to *^ove'\back and forth be- 
twcen object' demoMtrations and eoimponding, relational statements. However, we can. observe flrom 
reaction to roanipulatives a defEee of potential for jideqUate undentandlnf tha^is not*evident from her reac^ 
tion to written, mathematical statements.- Jt docs appear that K has a good Internalized concept of^sameness as 
^ it relates to sets of Qbjects. What K appears to Tftd is a telcbj^-pianipulatedleaming environment wUch will 
* provide her. with situations which force a need to banaUate the demonstrations into symbolic sente^cesf « 



, ■ ' AFURTHERlLdOKATEOUALrrY • * 

We remarked earlier that children, zhay react 4n various ways to written and orally given sentences. A flist 
gnder C was presented* orally with 3 equals 5 and asked to write it as it is read to you. He wr6<e 3/ 5 ■ . 
When the interviewer stressed 3 . . . equal . ... 5, C i^rrote: • 3 and then -"S 3; and then said, "Oops, you-, 
forgot the plus" and wrote: - 5 + 3. When the interviewer read. very slowly^fo C, S^.equals 3, C wrote 3 , 
stopped and.said,/^! messed up too. You said equal*" He wrote 3 « 3, read **3 equal 3" and suddenly.« ''faufC 
that*s a fault . . . ^otuse that (-) ain*t supposed to 6e in"the middie/' ^ * ^ • 

A sixth grader D (IQ 131) had no difficulty accepting and writing equality statements of the fonh,<iIscus 
sed above< 
concept 



re. However, when encountering fractioos.^e revealed his concept of equality to be in contrast, to the* 
ot sameness, In'this interview excefpt, N is the interviewer. ' - 



6 

N: What about if I have a numbeTlike that (writes — ] ; what's that? ^ 

' X " ^ . ^' ^ 

D: An4mproper fraction. ^ - • ' 

N: Is'that a whole number? , , ^ 

D: Unless you change it— you can change it into a whole number. . * " • ^ 

* * . ' ' . . 

N: What whole number is that? 

Three. ' f , ' 

N: Three. If Td^k you: six-halves, is that a vhole number, what would you say? , 

D: No. . ' . , 

6 

N: Now. let's see [writes - - 3] . Is that 0. K.? Is that right? * * ^ , 

D: Yeah. ' ' . * 

6 • • 

N: . Six halves equals three. This is a whole number [points to 3 in -r- « 3] ,'but six halves is not [point;, to 

D; (Nods his head in agreement.] " * ♦ * v 



; , U-^N: -Now that Hnd^of confuses me, to tell you the truth, because If this is a whole number [points to 3 in 



21 



3].and I think you told me when I wrote sbnaething like this [writes 3 - 3] you said, this «id this 

* 6 6 

[points to each 3 in. 3 - 3] are the same-jiumber. Now doesn't this [points to -and 3 in - - 3] say 

. t - ' ' ' ' - , -- * ' •> ' ' 

.i^. . ' .that this is the same number?--" • » • 

;^ P;//lj^ just, says that they are equal to each others tKy have the same value^ but that doesn't mean 
,t :^ / that' they^are the jsairie nu inber. . • 

. ' - . .1 . '"^ 6' ' • . 

' : N: So, that [points to — - 3] doesn't mean that they are the same number. 



3 



1 * 



D: Uh-huh. 

^ . i ' • ^ • . . . 

^ ' ^-^ ; -r- I ^ ^ -r . - ^ - , ^ • • ■ 

. ffe-isee ihat D distinguishes between the concept of equality (the same value) and the concept of same- , 
nea: to be equal does not mean to be. the same. Thus, to D, — and 3 are two different numljers, having the 

yt'. 1 , ' . , • -6- ' • • ; ' ' \ - 

: ;«me vidiie. Furthermore, 3 is a whole number and -^r is not; it is an Improper firaction; Later in the Inteniew 

fe^X.'^- /;he wsert$ th^ • . 

V" ' MUAUTYSTATEMEtJTS WTfM /TWO PLUS S/GA^_____----^^ 

^ Vl= ^5 We nexfex^ chilcb^n's W^as^bout^suc^^ 2.Th«e ar6 relational statements 

J^^{ ^ Jl^imi&^b'^^^^ such'itatenients as 3 + 2 •* 5 in that they have two plus signs.JVgairi we begin witfi an 

■ " ' ' ' inUrviewepisbde-witn-K. ' .?r-, 

• K accepts 2^ ^ 

/ K: Yes, 'cause see, they're^the same,question [pointing at the 3's and 2's in pai5]. • , 

,B; .OhJsee.Mrigfit,<now,whaUbo^^ 

K: . . (pause) . , .'hop^ . . . [and] . . . 'cause see, you wrote two of the same thing. You didn't you 
- \ didn't. see, yoii put 2 plus 3 Ifcuals 3 plus 2 . . . [then] . . . you didn't do it right [K changes 2 + 3 - 
r^Vk i ^ 3 + 2 t6 2 + 3-5and3 + 2-6^. — : ' . 




.J7. ^;-;j:Gan:twritrlv» . 

X: No . . . [and] . . .^this should bean answrfttfht here [does 1 +5- l + 5];'andrightthereshouldbe 
- ' the equal (does I, + 5 - 1 + 5 -] and the answer. , ' . " 



two.other first graders. 



5, C and, E, reverted tp statements of the same form as follows: When C is presented 

1 -^2 "2 + 1 l + 2"2 + l ' *^ 

1 + 2 - 2 + 1, he changes this ro o o • He reads as follows: "1 



" .^th Uie written sentence' x - - - x, nc ^iiaugca vii^ 3 3' 3 3 



1 + 2 



as they are read] and '1 plus 2 equals 3" [touching the 



;V' ' -^1^^ P\ysv2<^equals 3'' [touching the.symbols in ^ 

- ;""jymi)ols-ln'^ ^ - as each is read]. First ^der E accepts 2 + 3 - 5 and 3 + 2 - 5, but not 3 + 2 - 2 + 3 ' 
^ " V / ^'bedause it [2 + 3] doesn't have anything . . . [and] . . . 'cause . . . [you] forgot^to put the 5." She writes 



Here aie some of the reactions of second gndeis. M accepts 3 + 2-2 + 3 "because they both have the 
same numbers. Only 2 plus 3 is backws^." M sees a difference between* 3 + 2-2 + 3 and 4 + 1-2 + 3 
explaining that **Twq four [pointing at 2 and 4] one three [pointing at 1 and 3] doesn't rhyme. There should 
be,a 3 here [toudiing 4] and a 2 there [toudiing 1], or a 2 here [touching 4] and a 3 here [touching 1]. They 
are sort of equiU because they both equal, both equal 5. They don t go together; not'made the same . . . [then]. 
.'./. they both equal 5, but .they're not the same." D does not accept 1 + 4-4 + 1 **because you need a plus 
there [-)." Similarly, she. does not accept 3 + 2-2 + 3 "because you need to change if [-] to pW' She 
chi«ges.3>2-2+.3to3 + 2 + 2 + 3,-10. ^ 

A third grader M is presented with 3 + 2-2 + 3 and asked to read it. She reads, *^3 pits 2 equal," and 
after a :^ause, ""No, 3 plus 2 equals," again a long pause, plus 3." When asked if that means anything, she 
says, "I don't know." When asked if she could tell what this means to a younjger brother or sister, she holds 
her hand over [2 + 3 in 3 + 2 - 2 + 3] and says, '*You could add these" [hadng over 3 + 2 •] and then covers 

3 + 2 - b 3 + 2 -.2 + 3 and makes the same bbservatioh about 2 + 3. 

The essentia obJjervation to be made here is that these children do hot view sentences like 2 + 3 - 3 + 2 as 
being: sentences about number relationships. They do not see these as indicating the sameness of sets of 
objects. Indeed, It appears^ that, the children considered these as*"do something" sentences. In:most cases the 
presence* of a plus sign along with two numerals.suggests that another number is to be found. Moreover, in at 
least the case of does appear that he is concerned about the ''sameness" of two expressions in a symbolic^ 
sense. To him 2 + 3 ?^:3 + 2 is 0. K., beiause the two exprewiohs 2 + 3 and 3 1 2" have the same numerals, but" 

4 + i - 2 1 3 is not 0. K., because they don't have the same numerals— 'They don't riiyme.'' - - 

Finally, iet's observe K's responses to sentences like 5 +^ 2 - 3 + 4 and how they differ with the mode of 
presentafiori, oral or in writing. We present a portion of an interview. ' \ 

B: Say we have 5 plus 2 . . . [writes 5 + 2 -I |]. I'm going to finish it like this [writes 5 + 2* 

/ U+Dl. ■ — • * • * . ^ - 

' K: ... (pause) right here [does 5 + -2 - I 3 + 4 I ] should be your answer, in .the box^( Q); aiid 

then this problem [touches*3 + 4] shSS&'Bedp^n here [writes 3 + 4 below] . . . [and] . . . now, when 
y nti gAt this hnv [i.i^ , > ,2 jg,g.]>,.gfiSllke this't Writes 3 + 4 - □] ; -Then you put your answer in here 
[i.e.. In the Q's) . You don't write another problem [i.e., after the - sign] . * 

__Bi_SoiundfirstancLHdien.y^^ 5 + 2-3 + 4] that you really 

thinkof thatas two proWems?-------^ ' . 

*' * ^ . 

- - k: Yeah . . [and] ... this problem [5 + 2] makes 7 and this problem [3 + 4] makes 7. [K writes 
• - 5 + 2-3 + 4 |- 

/7 7 * , ■ 

r 

^ Again, as we observed earlier, K has definite ideas about how sentences sliould be written. 
Now let's observe how K reacts to similar statements given orally. 

B: . . . Now let me ask you again, 0. K.? Four plus five equals three plus sjx? ^ 
KL Yeali. 

B: 0. K. Now, when I write [referring to an earlier response] 4 plus 5 equals 3 plus 6 [writing 4 + 5 - 
3 + 6] , you say no. How. come when I read it you ^y yeiih; and when I write it you say no? I'm 
curious. ^ 

k: 'Cause thaJ*[points after - in-4 + 5-3 + 6] should be your answ(T, It's the end, not another prob- 
lem. Uke if you went into writing you'd go like this [writes 4 + 5 - 9;3 + 6 - 9]. 



k tccepti onOly presented statements such as 5 plus 2 equals 3 plus 4 more readily than she 'does the 
cofresFNonding statements given in written form. A due as to why she behaves Uiis way is found in the explana- 
tion of what she woiild do with 4 plus 5 equals . 3 plus 6 Ht you went to writing": She transforms 4 + 5-3 + 6 
into two statements, 4 + 5 - 9 and 3 + 6 - 9; then she compares the results of those statements. 



SUMMARY AND IMPUCATIONS 

The question which originally motivated this clinical interview study about children's understanding of 
.various forms of equality sentences was whether d^ildren consider equality to be an operator or arelation. As 
an. operator symbol, - would be a *-*do something signal." As a relational synabol, - suggests a comparison of- 
the two members of an equality sentence. Hie interview data presented^uggest that children consider the 
^symbol - as a "do something signal.** There is a strong tendency among all of the children to view the - 
symbol as.being acceptable in a sentence only when one (or Rx>re) operation signs (+, etc.) precede it. Some 
children/in ftict, tell us that the answer must come after the -. We observe in the children's bAaviqr an' 
extreme rigidity about written sentences, ah insistence that statement be written m a particular form, and a 
tendency :t9 perform actions (e.g., add) rather than to reflect, make judgments, and infer meanings. Moreover, 
it is important to obsene that there is no evidence to.su^gcst Uiat children diange in their thinidng about 
equality as they get olderand progress to upper grades;.ih fact, the evidence seems.to be to the contrary, 
** ' ^» ' 

What are the implications of this information to the teadiers of nuthematics? Is the conception of equat 
ity ejcbibited by; these children satisfactory or does it suggest deep-seated nptions which may (a)'aiuse dijfC* 
cul!y in learning other mathematical concepts which involve equations, or (b) be related to other, and possibly 
even uiore* basic concepte? It is possible that toe limited and rigid concept of inequality that these children 

exhibit lead^ to i^iisunderstanding when children deal with problems like 8 + 7 - 8> '( + )♦ etc. which 

in inany current curricular materials- appear "ji a prerequisite concept for place value work. It'is also possible 
that'this limited concept.pf equality Interferes with the later development of algorithnis.^C6hsider, for exam-* 
ple,.what su1:h a sequence as 

47 -•40 + 7 
•* +32- 30+2 ^ 
7" ' ' :r-70V9 

" ^--79-:::^ : — 

: I-r ^ — ^ — . ^ ' 

* r- 

means to a child whose concept of equality Ls essentially thai oC;fm operator symbol. 

It is also possible, that the children's concept of equality as an operator symbol, rather than a relational^ 
symbol, is symptomatic of their limited understanding and experience with relationalterms in'general, such as 
same, mdre, less, as many as,^ etc. This brings one very close to developmental, linguistic, and other considera- 
tioi^which go beyond the intent'of this paper. * * ' ^ 

_jnie„author5,take.the point of view th^ttKfe bebavior displayed by these children represents ^ very incom- 
plete conceptionHndeed.a misconception from a mathematical point of view-about a basic concept of 
mathematics* Thus, the conclusion that we must attend to the problem of teaching children a more adequate 
concept of equality, and. possibly relational concepts in general; is inescapable. One must be careful not. to 
conclude that simply making sure that children are exposed to the various forms of equality sentences will 
remove .the problem. The behaviors uncovered in this investigation suggest^ar. deep-seated mind set which 
produces rigid reactions, particularly to written number sentences. Inherent ip this is a more general question 
abuiit how children attach meanings to synibols and how they acquire relational concepts. 



